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WHAT CAN WE GAIN FROM A CONCEPTUAL CHANGE
APPROACH TO THE LEARNING AND TEACHING OF
MATHEMATICS?
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ARSTRACT

The term concepinal chavge I wsed to characterize the kind of learning requirsd
wikent the mew iformation to be learned comes in conflict with the learners” prior
bmowledge. The conceptual change approach has been applied extansively fo
explain students ' difficulties in scignce leavning. In thix paper, we argie that the
concepinal change approach can be fruitfully applied o mythemattes learning and
seaching. We discuss the resulis of three empivical studies that demonsirate the
wsefilness of the comceprual change approach in explaining students ' difficudsies in
the areas of fraction, the dense structure of rafional manbers, and the use of literal
symbols in algebra. The instructional implications of these stuclies are also
discussed.,

INTRODUCTION

The term conceptual change is used to characterize the kind of leaming
required when the new information to be leamed comes in conflict with the
learners® prior knowledge usually acquired on the basis of everyday experiences. It
iz clzimed that in these situations, & major reorganization of prier knowledge is
required — a conceptual change. Some of the situations were concepiual change is
required mvolve, for example, the acquisition of the scientific concepl of force
which comes in conflict with the everyday concept of force as a property of
physical ohjects (Chi, Slofta, & de Leeuw, 1994), understanding the Copemican
view of the solar system which comes in conflict with the geocentric view
(Vosniadou & Brewer, 1904), and the acquisition of the concept of fraction as it
requires radical changes in the pre-existing soncept of natural number (Hartnen &
Gelman, 1998; Stafylidou & Vosniadou, 2004).

Some researchers in learning and instruction (eg. Camavita & Halden,
1994} ask: Why should we call this type of leaming ‘conceptual change’ and fot
just ‘learning™? While concepuual change i undeniobly & form of leaming, i 15
important to differentiate conceptual change from other kinds of learning because it
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requircs different mechanisms to be accomplished and different instructional
interventions to be taught. Most learning is additive and involves an enrichment of
existing knowledge, Conceptual change cannot, however, be achicved through
additive mechanisms. In fact, as we will argoe later in greater detall, the use of
additive mechanisms in sitmtions requiring conceptual change is one of the major
causes of misconceptions,

A commoen type of misconception is caused when new information is added
o an incompatible knowledge base, producing synthetic models, like “the hollow
sphere” (Vosniadou & Brewer, 1992), or the belief that fractions are abways smallér
than the unit (Stafylidou & Vosniadou, 2004), It is important in instruction to
distinguish cases requiring conceptual change and alert students against the use of
ndditive mechanisms in these cases. More generally, it iz stressed that @t is
important to develop intentional leamers that have acquired the metscognifive
skills to correctly identify different kinds of learning and apply the mest effective
stristegies in dealing with them (Vosniadow, 2002),

DIFFERENT APPROACHES TO CONCEPTUAL CHANGE

The conceptual change approach was brought to the field of learning and
instruction from the philosophy and history of science (Kubn, 1970; Lakatos, 1970
by science cducators who saw certain analogies between theory changes in the
history of science and smdents' leaming of science {e.g,, Posner, Strike, Hewson,
& Gertzog, 1982). Since the 1970%s researchers soch &2 Viennasd (1979, Movak
(1977) and Drriver and Easley (1978) realized that students bring to the sciemce
learning task alternative frameworks or misconceptions that are robust and difficult
to extinguish,  Posner er al (1982, and ako MeCloskey, 1983) zaw these
alternative frameworks as theories that need to be replaced by the currently
accepted, correct scientific views through a process of conceptial change.
Dravwing on Kuhn (1970), Posner et al. {1982) argued that in order for students to
be able 0 replace their altemntive conceprual frameworks with the carrenthy
aceepted  scientific views: &) there must be dissatisfsction with existing
concoptions, b) the new conception must be intelligible, ©) the new concepiion
musl appear initially plausible, and d) the new concept should suggest the
possibility of a fruitful program.

The Posner et al. (1982) theoretical framewark became the leading paradigm
that guided rescarch and instructional practices in science education. umtil it
became subject to several eritictsms {i.e., Caravita & Halden, 1994 Smith, diSessa,
& Rochelle, 1993, These criticisms pointed out that the conceptual change
approsch focuses on the mistaken qualities of students’ prior knowledze and
ignores their productive ideas, that altemnative comceptions may be nod as robust as
they seem to be, that cognitive conflict is not an effective instructional strategry,
and that instruction that “confronts misconceptions with a view to replacing them i
misguided and wnlikely to succesd™ (Smith et al, p. 153). Caravita and Halden
(1934} also pointed owt that conceptual change happens in a larger sitational,
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educational, and sociofeultural context, that it is affected by motivationil and
affective variables, and that we need to recognize that science s socially
constrected and validated (see also Driver, Asoko, Leach, & Mortiner, 1994; and
Pintrich, 1999).

We agres with all of the above-mentioned criticisms of the oviginal
conceptual change approach. Mest important, we find a greal deal of truth in the
recommendation to study the knowledge acquisition process in greater detail, and
in particular, the need o focus on “detailed descriptions of the evolution of
knowledge systems™ (Smith et al., 1993, p. 154) over long periods of time. Indeed,
research in cognitive development provides an important source of informaticn
about the processes of conceptual change {e.g., Carey, 1985; Gallistel & Gelman,
1992; Hatano & Inagaki, 1998). Vosniadou and her colleagues have attempled to
provide a cognitive developmental approech to conceptual change through detailed
descriptions of the development of knowledge i several areas of the natural
sclences, such as observational astronomy (Vosniadou & Brewer, 1991 1904
Vosniadouw, 1994; 200%) mechanics ({loannides & Vosniadou, 2001; Megalakaki,
loannides, Vosniadou & Tiberghien, 1997), geophysics (loannidon & Vosniadon,
2041}, chemistry (Kouka, Vosniadou, & Tsaparlis, 2001), and biology (Kyrkos &
Vosniadou, 1997), The results of thess studies have shown that young children
answer questions about force, matter, the earth in space, or about the composition
of earth, mostly in an imternally consistent way, revealing the existence of narrow
but coherent initial explanatory frameworks. These explanatory frameworks are
different in their structure, in the phenomena they explain, and in their individoal
concepts, from the scientific theories to which children are exposed through
systematic instruction. The process of learning science is a slow and gradual one,
during which children uvsvally add the new, scientific, information to their initial
explanatory frameworks, destroying their coherence and creating synthetic models.
Examples of such synthetic models are the model of the dual sphere, the hollow
sphere, or the flattenad sphere, the model of the sin and the moon revolving around
a spherical carth in & geocentric solar system, ete. (see Vosniadou & Brewer, 1991;
1954),

{One could argue that the cognitive developmental approach 1o conceptual
change is not very different from the classical concepiual change approach put
forward by Posner et zl. (1983} But this is not the case.  The cognitive
developmental approach to conceptual chanpe meets all the eriticisms of Smith =t
al. (1993). First, misconceptions are not considered as anitary, faulty conceptions
that represent a different physical theory, Rather, we describe a knowledoe system
consisting of many different clements organized in complex ways. Second, we
make a distinction betwesn the leamer’s initial explanatory framework, prior lo
systematic instriction, and misconceptions that are produced after instruction. We
believe that most of these misconceptions can be charcterized as synthetic models
— i.e., attempts by leamers to synthesize the new information with the initial
explanatory framework, Third, our theoretical position is a constructivist one. Mot
only it assumes thet new information & boilt on existing knowledge structures; it
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also wses constrisctivism to explain students’ misconceptions and to provide a
comprehensive framework for making meaningful and detailed predictions about
the knowicdpe acguisition process. Fmally, while our cognitive approach
investigates only one facet of conceptual change, it is complementary and ‘not
contradictory to other approaches that deal with motivational'affective and
socindcultural fsctors {Anderson, Greeno, Reder, & Simon, 2000}

CONCEPTUAL CHANGE AND MATHEMATICS LEARMING

Although some historians of mathematics find the Kuhnian concepteal
change approach particularly fruitful in the case of mathematics (e.g., Corry, 1993;
Diauber, 1984: Kitcher, 1983), thers iz a general relactance in the philosophy and
history of mathematics circles w apply the concepmal change approach 10
mathematics. That mathematics 15 based on deductive proof and not on experiment,
that it is proven o be extremely tolerant of anomalies, and it does not display the
radical incommensurability of theory before and after revolution, are some of the
reasons why Thomas Kehn himself exempted mathematics from the pattern of
sclentific development and change presented in the Scientific Revolutions (see
Mahoney, 1997). According to Mahoney (1997) “synthetic geometry, invariant
theory, or quaternions may bose imterest for mathematicians, subjects may be
judged obsolescent or fruitless, but they do not seem to cease to be mathematics in
the way that Aristotle’s mechamics ceased to be mechanics, or Galen’s physiology
censed to be physiology, or phlogiston chemisiry ceased to be chemistry™! {p. 2).
Unlike science, the formulation of 8 new theory in mathematics usually carries
mathematics 1o a more general level of analysis and enables a wider perspective
that makes possible solutions that have been impogsible to formulate befiore (Corry,
1993 Dashen, 1984),

We find this discussion particularly interesting becanse it helps to illum inate
some of the dchates that have taken place in the comceptual change approach
literature as it applies to lesming situathons. More specifically, a number of
rescarchers have pointed owt that even m the case of the natural sciences
conceptual change should not be seen in terms of the replacement of students’
naive physics with the “correct” scientific theory but in tesms of enabling students
to develop multiple perspectives and'or more abstract explanatory frameworks with
greater generality and power {Driver et al,, 1994; Spada, 1994). [t thus mppears that
the theoty replacement isswe (which represents & significant difference m the
historical development of the natral sciences compared to mathematics) may nol
he an issue in the case of leaming and instraction. In fact, students are confronted
with similar situations when they learn both mathematics and science. As it is the
epse that students develop 2 nalve physics on the basis of everyday experience,

' The comman explanation of this difference ks that “mathematicians deal with worlds of
their own making, which their encounters with the physical world cannot constrain them to
change™ (Mahoney, 1997, p. 2L
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they also develop a “naive mathematics*, which appears to be neurologically based
{developed through & long Process of evolution), and consists of certain core
principles or presuppositions (such ms the presupposition of discrelensss in the
number concept) that facilitate some kinds of learning but inhibit others (Dehacne,
1098 Gelman, 2000; Lipton & Spelke, 2003). Gimilarities such as the above,
support the arpument that the conceptual change approech can be fruitfully applisd
in the case of learning mathematics. In the section that follows we deseribe three
siudies conducted in our lab that explore the conceptual change approach for
mathemaltics leaming.

THREE STUDIES FROM A CONCEPTUAL CHANGE
PERSPECTIVE

hlrndymamymugmmlurm}mwmﬂmﬂhaﬁhm
characterized as “principled onderstanding” of namral pumbers (Gelman, 20007,
which is based on the act of counting. A basic characteristic of this initial
understanding of numbers is that numbers are diserete in namre. In faci, there is
pvidence that the property of discreleness of numbers may be newra-biologically
mﬂ.inﬂmstn:nihnthummmmuditpumﬁmmmdm&mvﬁm naturel
numbers { Dehzene, 1998; Gelman, 2000). As Greer (1004) argues, an intuition of
contimuows change in a quantity might also be innate. However, in the carly years
of a child’s life, there are md representational tools available to sepport the
extermalization of that intuition.

During the first years of mathematics education, children’s informal
knowledge about natural numbers is further ¢ irmed and strengthened. There is
a great deal of evidence that when new knowledge about rational numbers is b
acquired prior  knowledge shout npatoral numbers may imbibit further
unﬁcmmﬂingf.Thﬁemﬂwcasummmwhatismulcumdmn:sht
eonflict with what is already known. We summest that in these Gascs, concepinal
change is required. We argue that same of the cases where conceptual change is
required are the following: &) in the development of the concept of fraction, b) the
density of rational numbers, and ) the use of literal symbols in the case of algebra.
More specifically, according 1o the conceplual change framework we assume that
students’ understanding about fractions, density, and the wse of literal symbols in
algebra will be constrained by sheir initial “number theories”. Therefore we expect
students to generate ermoes that reflect these presuppositions. We also expect Uhist
the development of the mathematical consepts in all three cases will be & slow and

| process that reflects students” efforts to assimilzte new information to their
pre-existing knowledge. Therefore, we expect that students who belong to
intermediate levels of understanding have misconceptions that can be explained as
sywihetic models (Vosniadou, 1994,

We report thres studies that test the predictions of the conceptual change
framework in the case of mathematics bearning. In the first study, Stafylidou and
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Vosmindou {20048} examined the development of the concept of fraction. They
pointed out that fractions differ from natural numbers a) in ther symbolic
representation (one number versus two cardingl numbers separated by a line), b) in
that one canot use counting-based algorithms for ordering them (fractions do not
have umigue successors; there are infinitely many numbers between any twe
fractions), and c) with respect to the undt; while the unit is the smallest natural
mumber, there is no **smallest "rational number.

Stafylidou and Vosniadou hypothesized that the presuppositions of
discreteness interferes i the acquisition of the concept of fraction, causing
systematic misconceptions. It was also hypothesized that most of these
misconceptions can be explained as atempts on the part of the children to
aszimilate information about fractions into the explanatory framework for natural
numbers. This hypothesis was tested in a sample of two hundred students ranging
in age from 10 to 16, wsing a guestionnaire that required them to decide on the
smallestbiggest fraction and o order a set of given fractions.

The results showed that there are indesd systematic misconceptions of
fractions that reveal the mterference of prior knowledge about ratural numbers.
Muore specifically, three main explanstory frameworks for interpreting fractions
emerged from the study. The first explanatory framework s that fractions consist
of two mdependent numbers, Children whoe adopt this framework mterpret
fractions within the explanatory framework for natural numbers. The children who
adopt the second explanatory framework consider fractions as parts of a whole.
These children tramsfer to fractions the presupposition of natural numbers that the
unit is the smallest nember. Only the suedents assigned in the third explanatory
framework were able fo understand the relation  betwesn numerator and
denominator and to consider that fractions can be smaller, egual, or even bigger
than the unit. The results are consistent with the hyvpothesis thal the acquisition of
the concept of fraction is a gradual proceszs that proceeds through a mamber of
misconceptions, or synthetic models, that reveal the effects of the explanatory
framework for natural numbers, As such, they support the hypothesis that the
development of understanding of the numerical value of fractions reguires
conceplual change.

In a second line of research, Vamvakoussi and Vosniadou (20048) assumed
that the idea of discreteness is a fundamental presupposition of children®s mitial
‘mamber theories' that constrains their understanding of the dense structure of the
set of rational numbers. Analyzing the differences between the set of patural and
the set of rational mumbers, they assumed that there are two more cognitive
consdraing that are bound 10 stand in the way of children’s understending of
density. More specifically, they pointed out that:

s in the set of natural numbers, every number has onique symbolic
representation, whereas in the set of rational sumbers, every number has
multiple symbolic representations.

+ the set of natural numbers consists of "homopenous’ elements, m the sense
that it consists natural numbers only, wherens the elements of the set of
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rational numbers are ‘heterogeneous’, in the sense that it ponsists of natoral
and non natural numbers.

Rased on these chesrvations they asgumed that students’ understanding of
the structure of the st of rational numbers would also be comatrained by a) their
belief thar different symbolic representitions of the same murmber refer to different
punbers, and b) their digposition to group sumbers together on the batis of their
gymholic reprosentalons,

These hypotheses were tested in two studies. In the firss, (Wamvakouss &
Vosniadou, 2004a) the participants were |6 minth graders, whe participated in a 43-
minute individual inerview during which they dealt with density-related tasks,
focusing on the number of numbers there are between iwo rational numbers
{imtegers, decimals, fractions). In the sscond, 300 students (164 ninth and 137
eleventh graders) were given & forcad-choice questiconaire and one with open
ended questions {Vamvakoussi & Vosniadou, 2004b).

The results of the studies showed that the idea of discreteness is very slrong,
hath in the case of ninth and cleventh graders, and that giving up the idea of
discreteness is not an “all or nothing gituation’. For ingtance, the knowledge that
there arc infinitely many numbers between Twi decimals is not necessarily
transferred 1o the case of fractions. The belief that different symbelic

tations of a mumber refer to different nurnbers is reflected in the answers of
stndents of various levels of performance in the questionnaire. To use an example
coming from the interviews of the pilot study, a %th grader answered that there is
no other number between 3/8 and 5% and he explained that “if you simplify 418,
you get 1/2 and this is not in batween.” Another ninth grader explained that there
are many numbers between these fractions and she mentioned 8716 and 4.0/8 and
other equivalent fractions a5 examples. Finally, the effect of the number ling o0
shudents’ performance was guite limited and disappeared when the number line
was taken awwy.

The shove resalts are compatible with the predictions coming form the
coneeptual change theorctical framework and therefore they support our
hypothesis, that understanding the dense structure of rational pumbers requires
reorganization of prior knowledge structures, namely concepteal change.

A third empirical study by Christou and Vosniadou (2004}, investigated
smdents’ misunderstandings and difficulibes in the use of literal symbols as
mathematical objects. When it comes 10 algebra, the concept of generalized
number appears. The generalized qumber 5 represented by a letter from the
alphabet which stands for cvery numerical value, unless otherwise specified. The
literal symbol, for example “a’, has a mivecal form and this might affect students
to interpret it's vse as standing only for naniral mumbers whe also have & univocal
foorm, for example I. In addition fo that, the form of the literal symbol would also
affiect students to think that different letters would stand for different arithmetical
values. According to these romarks and the conceptual chanpe theorctical
Framework, Christou and Vosniadou {2004) assunved that students woiild tend o
interpret the use of literal symbaols in algebra as symbols that stand for natural
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numbers and not as fractions, decimals or real numbers. Maore specifically, the
hypotheses of this reseqrch were that students would tend to assign &) natural
numbers instead of real pumbers to the literal symbols, and b) mumerical valuwes
that maintain the form of the symbol. Another hypothesis was that the sndents will
tend 1o believe that different literal symbols represent different numbers.

These hypotheses were tested in a study of 128 students from two public
high schools in Greece, (76 g graders and 52 6" graders). The stadents were ashed
to assign mumerical valaes to the following algebraic objects that contain literal
symbols: a, -b, 4b, a/b, atata, k+3. The results showed that the students are
greatly affected by the form of the algebraic object that containg Hiers| symhbols.
For example, the greater majority of the studerts believed that—g is abways n
negative mumber and a'b always represeats o pasitive fraction. In addition, when
they assign numerical values to the literal symbols sindents tend o assign ol
etaral mumbers gnd very rarely fractions or decimals, Howevert, it was also found
that the tendency to assign naral sumrhers 1o the literal symbols was stronger than
the tendency to maintain the form m hoth grades in all algebraie objects.

The shove-mentioned approach has the potential to explain students’
difficulties in understanding and dealing with advanced mathematical concepts
such as functions, absolate value, araphs, in fields like analysis, algsbra and
analytic geometry where literal symbols are uzed extensively, It is very important
for the students to understand the generalized nature of the use of literal symbols
mathematice for their future mathematical development, It can also provide new
elements about the wey students give meaning to the use of fteral symbols as
mathematical objects.

WHAT DO WE GAIN FROM A CONCEPTUAL CHANGE
APPROACH IN MATHEMATICS LEARNING AND TEACHING?

We are not the first to argue that there may be discordances and conflicts
bhetween many advanced mathematical concepts and “nalve mathematics,”
Fischbein { 1987 was one of the first malhematical educators o nofice thal mtuitive
beliefs may be the canse of stadents” systematic errors m mathematics, & fact also
noted by Stavy and Tirosh (200U s their intuitive rules theory {sse alse Tirosh &
Tsamir, 2004}, by resgarchers such as Greeno (1951} and Vergchaffel and De Corte
(1993} in the case of addition and subtraction, and pointed cut by many other math
educators such as Vergnaud (19940) end Sfard (1987). Orther researchers h:?w:
argued that incompatibility between prior knowledpze and lnl:t-mhlglm.{'crnﬂatmn
may be the source of students’ difficulties n understanding algebra (Kieman, 1&?911
fractions {Harmett & Gelman, |06%), rational mumbers (Merenluote & Lehtinen,
a2y, ete. The conceptual change approach has the potential to enrich a social
consiructivist perspective, provide the needed framework 10 systematize the above-
mentioned widespread findings, and utilize them for a theory of mathematis

learning and instrocticn.
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gome of the more chvious advanizges of explofing the instructional
implications of the conceptual change approach are the following: It can be used as
a puide to identify concepts in mathematics that are going 1o cHause ghudents great
difficalty, to predict and explain students’ systematic cITors and misconceptions,
o provide atudent-centered explanations of counter-intuitive math concepis, 10
alarl students against the use of additive mechanisms in these cases, W0 find the
appropriale tridging analogies, €. In a more general fushion, it highlights the
importance of developing students whi are intentional leumers and hive developed
the metacognitive skills required 0 oVErcome the harriers imposed By their prior
kmorwledge ischoenfeld, 1087: Vosniadow, 2003).
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