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Introduction

Already at & very young age, children have formed what has been characterized as
“principled understanding” of natural numbers {Gelman, 2000), which Is based on
the act of counting. A basic characteristic of this |nital “theory™ of nurmbers is that
numbers are discrete n onatwre. In fect, there is evidence that the property of
discreteness of numbers may be neyrobiclogically based, in the sense that hurmans
are prapared to leamn and reason with natural numbers (D=hasne, 1998; Galman,
£000). In the first years of mathematics education, children’s informal knowdedge
acout natural numbers & further confirmed and strengthenad. There is planty of
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svidence that, when new knovwladge about rational nurnbers is bo be acguired, prior
lnowiedoe about natural numbers may wmihibit further understandings. These are
the cases in which what is to be learned comes in conflict with what is already
known. One such case Is the development of the corcept aof density of rationed
Aumbars.

Understanding the structure of the set of rational numbers: A conceptual
change approach
Contrary ta the sak of natural nuembers, the sat of rational mumbers I§ derse: Bebmeen
owio SuCCcessive nabural numbers there is o other natural number, whersas between
any twa, non equal, rational numbers, there are infinltely many numbers. This is nolin
amﬁnmmmmﬁwmmhmr, the idea of discretensss IS
deeply tocked inko the human mind. In terms of the conceptual change theoreticat
framewark proposed by Vosnistou (1994, 2001), discreteness i a fundamental
presuppostion of children's inltial “theary™ of numbess, In previcus wiork (Varrvakoussl
and Vosnladow, in press), we have assumed that understanding of densty requires
conceptual change. Qualitative data from a study with 16 ninth graders supported our
hypathesis. According 10 our results,

« e majorty of students generated errars that reflected the presupposition of
dilscreteness, For example, Sucents arewerad that “thers is no other number
behwesn 0005 and 0.006, becauss 0005 comes immediately after 00037 or
bnat "there Is anly ane number between 3/8 and K/8, namely4/8",

- we diagnosed intermediate levels af understanding, reflecting students’ effarts
ke mssimilate new information about rational numbers, in Hheir pre-existing
structures of knowledos aDoAR nabural numbers, For example, some students
armwered that “between 0,005 and 0,006 there are 0.0051, 0.0052, up to
0,0059". One student answered that there i5 finite number of numbers behwean
decimals, but "if you turn them into fractons, then you find Infinitely many
aumbers in bebween®, Other students implied that bebwesn two fractions, thera
are infinitely many fractions. According o oiter students, different symbalic
representations of the same nurnber, &.g. 4/8, 816 et can count as infinitely
masvy different numbers.

To surmmarize, the idea of discreteness seems to be a fundamental prasupposiion,

which shapes students' understanding of the structure of the set of rational

numbers. Yet, the development of the concept of density seems to be constrained
by other parameters, too.

The empirical study

Based on the findings of the first study, we assurned that shudents’ understanding of
the structure of the set of rational numbers Is alsn constrained:

« by their belief that different symbaoiic representations of the same nurmber refer
ko different numbers.
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« Dy their disposition to group nembers together an the basls of their symbaolic
representations.

To test these assumptions, we conducted an emgpirical study., We also aimed at

investigating the effect of the number fine on students’ responses to questions

about density. the partidpants of this study were 301 students, 164 ninth and 137

eleventh graders, all from schools in the Athens ar=a. Based an the materials of the

first study, we dasigned bwo types of guestionnaires, a forced-chodoe questionnaire

and ane with open ended questions.

According bo aur results,

« e idea of discreteness is still strong in the case of eleventh graders,

giving up the idea of discreteness is not an ™all or nothing sibuation”. For
instance, the kmowledge that there are infinikely many numbers bebween bwo
decimals is not necessardy transferred to the case of fractions.

= Students who answer that there are infinitely many numbers bebween bwo
rational numbers, regardless of their representation, may sl be constraimed by
the symbolic representation of the particular numbers. For instance, they may
answer that “there are infinitely many fractions between bwo fractions.

» [Ehe belief that different symbolic representations of a number refer to different
rmbers is reflectad in the answers of students of varous levels of perdformance
iry Bhe gquastionnaire.

+ the effect of the number line on students” performance sesms quite Bmited.
Moreover, the effect “disappears”, when the number line is aken away.

We will present these results and we will argue that students” misconceptians about
density <an be accounted for by the three assumptions mentioned above (the
fundamental presupposition of discreteness, the belisf that different symbolic
representations of a number refer to different numbers and the disposition to group
numbers of the same symbaolic representation tooether). We will also argue that,
students” misconceplions can be explained as symthetic models, since they reflect
students’ efforts to assimilate new information about rational nembers in their prior
knowdedge structures about natural numbers. Finally, we will atbernpt to explain why
8 widely usad external representation of real numbers, namely the number line,
seams o have 2 hmited effect on students’ understanding about density.
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Conceptual Change in Calculus: From the Circle's Tangent to a
Curve's Tangent

Irene Biza*, Alkeas Souyoul and Theodassios Zachariadeas, University of
Athens, Greace

In this paper, we argue that a conceptual change approach could interpret some of
the misconceptions dealing with the concepls of curve’s tangent and derivative, In a
pilot study, we make a case that students take for granted properties of drde's
tangent in curves, whese they do not apply in genersl. It seems that students
genersta resistant synthetic models to deal with tangent’s problems.

Theoretical background — The aim of the study

Canceptual change studles the process of knowledge acquistion and especilly in
situations where the prior knowledoge is incompatible with the new one. Con-
sequently, various misconceptions ocour in & not arbitrary way (Viosniadou, 1994).
Many studies investigate conceptual change in the leaming process of rathematical
concepts (e.g. Merenfuoto & Lehtinen, 2002; Swafilidoe & Vosniadou, in prass;
Vamvakauss) & Vosniadou, 2002} In this paper, Wwe present the results of 2 pilot
shudy of & research concerning the development of notHons of advanced mathe-
matical thinking, from the conceptual change point of view, In particular, it deals
with the concapt of derivative and its geometrical representation, which is related o
the nation of tangent ine.

The notion of the tEnoent Ene appears i three stages during & student’s schooidays.
In geametry where students lepim the tangent af the drde a5 a ling, that has exactly
ane poink, common with the cirde, An intuitively obvious property of this line is that K
dhides the plane In two parts, one of which contains the whoie circe. Later, the
studerits are mtroducsd to the conic sections. In these @55, the tangant’s defindtion |5
different: It is more sophisticated, The "exactly ane comman paint” propesty remains
true i comics, buk it 1s not encugh to define the tangent. The “residence on one semi-
plane” property is not valid in the case of the hyperbola Duk it rermains true for each
branch separately. Therefore, students do not change the previous tultive imeges
cecprtially. Finaly, in a caloulus coursa stidents encounier the conceot of tangent to 2
paint on & curnve. Generally, none of the above propertes EMains valid, In fact, thers
ang mmmmammﬁntthatnﬂﬁdmthmmemm one
intersection points with the curve, but It also Spits the curve inko DA O MOre pleces
{graph BE). At this level, 3 curve's tangent s defined through the conoept of
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